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Abstract
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universal form with the property that the poles of the meromorphic form lie only at torsion points. The 
modular parameter corresponds to the fibre class while the role of the string coupling is played by the 
elliptic parameter. This leads to very strong all genus results on these geometries, which are checked against 
results from curve counting.
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Determining the all genus topological string partition function
Z = exp(F ) = exp
⎛⎝ ∞∑
g=0
λ2g−2Fg(z(t))
⎞⎠ (1.1)
on a compact Calabi–Yau manifold M is a benchmark problem with many applications to enu-
merative geometry and physical implications for black holes and quantum supergravity. Here λ
is the topological string coupling, ta are complexified Kähler volumes associated to a basis βa
for H2(M, Z) and qβ = exp(2πi∑a taβa). The underlining of variables is a shorthand for a cor-
responding list of indexed variables. The mirror map z(t) can be determined from the solutions 
of the Picard–Fuchs equations describing the periods of the mirror manifold. At the large vol-
ume point ta → i∞ and in the holomorphic limit limt¯→∞ Fg =Fg =
∑
β∈H2(M,Z) r
β
g q
β one can 
read the genus g Gromov–Witten invariants rβg from the convergent q expansion of Fg . In this 
holomorphic limit Z = limt¯→∞ Z also captures integer BPS invariants and related integer sym-
plectic invariants, such as the Donaldson–Thomas and the Pandharipande–Thomas invariants. 
Up to the classical terms this limit is completely fixed by the unrefined BPS invariants ngβ ∈ Z by 
the product formula
Z(t, λ) =
∏
β
⎡⎣( ∞∏
m=k
(1 − ykqβ)knβ0
) ∞∏
g=1
2g−2∏
l=0
(1 − yg−l−1qβ)(−1)g+l
(
2g−2
l
)
n
g
β
⎤⎦ , (1.2)
where we defined y = exp(λ). This and similar product formulae have been developed following 
the pioneering work in this direction by Yau and Zaslow [17].
According to [2], for g > 2 the genus g topological string amplitudes Fg(Sij , Sj , S; z)
are inhomogeneous polynomials of weighted degree 3g − 3 in the anholomorphic propaga-
tors Sij , Sj , S, which have weights (1, 2, 3) respectively. The coefficients of these polynomials 
are rational functions of z parametrizing the complex structure moduli space Mcs of M . The 
holomorphic anomaly of [2] determines all of Fg except the weight zero piece fg(z), whose 
determination is the key conceptual problem in the approach of [2]. Its solution requires infor-
mation about the behavior of the modular invariant1 nonholomorphic sections Fg(z) over Mcs
at all its boundary components. Following the method of [16] to obtain an efficient solution of 
the holomorphic anomaly equation, a careful analysis of the boundary behavior determined the 
fg up to genus 51 for the quintic hypersurface in P4 [10], using the conifold gap condition, reg-
ularity at the orbifold point, and Castelnuovo’s criterion for the vanishing of higher genus curves 
at large radius.
In this work we study whether the additional structures that arise when M has an elliptic 
fibration helps to fix the ambiguities fg . We focus on a smooth elliptic fibration over the base P2
with a single holomorphic section, which has been considered in the context of mirror symmetry 
in [8,4]. It can be defined as a degree 18 hypersurface, i.e. a section of the anti-canonical class 
P18 = 0 in the resolved weighted projective space P41,1,1,6,9.
1 By modular invariance we mean invariance under the monodromy group inside SP(6, Z) and discrete reparametriza-
tion symmetries. In our main example there is such a discrete involution symmetry, which implies PSL(2, Z) invariance 
on the modular parameter τ [9].
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meromorphic Jacobi forms [9]. Let τ and tB be the respective Kähler parameters of the elliptic 
fiber and the base P2, and put q = exp(2πiτ) and Q = exp(2πitB). We expand Z in terms of 
the base degrees dB as
Z(t, λ) =Z0(τ, λ)
⎛⎝1 + ∞∑
dB=1
ZdB (τ, λ)QdB
⎞⎠ . (1.3)
Then ZdB>0 is a quotient of even weak Jacobi forms of the following form
ZdB (τ, z) =
ϕdB (τ, z)
η36dB (τ )
∏dB
k=1 ϕ−2,1(τ, kz)
. (1.4)
Here η(τ) is the Dedekind function and ϕdB (τ, z) is an even weak Jacobi form of index 
1
3dB(dB − 1)(dB + 4) and weight 16dB . Since the elliptic argument z of the Jacobi forms is 
identified with the string coupling λ = 2πz [9] this expression captures all genus contributions 
for a given base class! Note that (1.4) has poles only at the torsion points of the elliptic argument 
[9].
The note is organized as follows. We review the ring of even weak Jacobi forms in Section 2
and explain in Section 3 why the weak Jacobi forms identically satisfy a specialization of the 
holomorphic anomaly equation in the fiber classes. In Section 4 we fix the weak Jacobi form ϕdB
for low base degrees and evaluate the invariants nβg according to (1.2), which are checked against 
direct geometrical calculations in Section 5. Further details are provided in a longer version of 
this paper [9].
The idea of using the involution symmetry to constrain the holomorphic ambiguities have 
appeared earlier in the beautiful paper [1], coauthored by Prof. S.-T. Yau, to whom we dedicate 
this paper. The involution symmetry considered in the present work acts on both base and fiber 
of the compact elliptic Calabi–Yau space, and exchanges the two conifold divisors. On the other 
hand, the paper [1] considered the Fricke involution, which acts on quasi-modular forms of a 
subgroup of SL(2, Z). For the local Calabi–Yau models, the Fricke involution acts on the modular 
curve of the base, and exchanges the large volume point with the conifold point. For general 
compact models such as the quintic, the modularity of the moduli space is still poorly understood. 
The Fricke involution in [1] is a promising tool in elucidating these deep questions.
This paper is dedicated to Prof. S.-T. Yau on the occasion of his 65th birthday, in recognition 
of and in appreciation for his powerful insights and beautiful ideas that inspired us over many 
years.
2. The ring of weak Jacobi forms and of almost holomorphic forms
Jacobi forms ϕ :H ×C →C depend on a modular parameter τ ∈H and an elliptic parameter 
z ∈C. They transform under the modular group [7]
τ → τγ = aτ + b
cτ + d , z → zγ =
z
cτ + d with
(
a b
a c
)
∈ SL(2;Z) =: 	0 (2.1)
as
ϕ
(
τγ , zγ
)= (cτ + d)ke 2πimcz2cτ+d ϕ(τ, z) (2.2)
and under quasi-periodicity in the elliptic parameter as
684 M.-x. Huang et al. / Nuclear Physics B 898 (2015) 681–692Table 1
E4, E6, φ0,1, φ−2,1 are generators of the ring of weak Jacobi forms with even weights, ϕdB (τ, z) captures the all genus 
amplitudes for the X18(1, 1, 1, 6, 9) CY 3-fold and ZdB (τ, z) is the ratio of weak Jacobi forms.
Q = E4 R = E6 A = φ−2,1 B = φ0,1 ϕdB ZdB (τ, z)
Weight k: 4 6 −2 0 16dB 0
Index m: 0 0 1 1 13dB(dB − 1)(dB + 4) dB(dB−3)2
ϕ(τ, z + λτ + μ) = e−2πim(λ2τ+2λz)ϕ(τ, z), ∀ λ,μ ∈ Z . (2.3)
Here k ∈ Z is called the weight and m ∈ Z>0 is called the index of the Jacobi form.
The Jacobi forms have a Fourier expansion
φ(τ, z) =
∑
n,r
c(n, r)qnyr , where q = e2πiτ , y = e2πiz (2.4)
Because of the translation symmetry one has c(n, r) =: C(4nm − r2, r), which depends on r
only modulo 2m. For a holomorphic Jacobi form c(n, r) = 0 unless 4mn ≥ r2, for cusp forms 
c(n, r) = 0 unless 4mn > r2, while for weak Jacobi forms one has only the condition c(n, r) = 0
unless n ≥ 0.
According to [7],2 a weak Jacobi form of given index m and even modular weight k is freely 
generated over the ring of modular forms of level one, i.e. polynomials in Q = E4(τ ), R =
E6(τ ), A = φ0,1(τ, z), B = φ−2,1(τ, z) as
Jweakk,m =
m⊕
j=0
Mk+2j (	0)ϕj−2,1ϕ
m−j
0,1 . (2.5)
We summarize the weights and index of some important forms in Table 1. Instead of introducing 
just the Eisenstein series E4 and E6 we discuss the graded ring of almost holomorphic forms 
Mˆk(	0) of 	0 generated in addition by Eˆ2 [11]. For k > 2 the normalized Eisenstein series Ek
are defined as [3]
Ek(τ) = 12ζ(k)
∑
m,n∈Z
(m,n) 	=(0,0)
1
(mτ + n)k = 1 +
(2πi)k
(k − 1)!ζ(k)
∞∑
n=1
σk−1(n)qn . (2.6)
Here σk(n) is the sum of the k-th power of the positive divisors of n and ζ(k) =∑r≥1 1rk with 
ζ(2k) = − (2πi)2kB2k4k(2k−1)! . The Bernoulli numbers Bk k 	= 1 are defined by the generating function ∑∞
m=0
Bmx
m
m! := xex−1 . The sum in (2.6) converges for k > 2 and Ek transforms as a weight k
modular form, i.e. Ek(τγ ) = (cτ + d)kEk(τ ). For k = 2 the second equal sign in (2.6) can be 
viewed as a regularization of the sum on the right [3]. In this case the modular transformation 
changes to [3]
E2(τγ ) = (cτ + d)2E2(τ ) − 6i
π
c(cτ + d) . (2.7)
Since 1Im(τγ ) = (cτ+d)
2
Im(τ ) − 2ic(cτ + d) = |cτ+d|
2
Im(τ ) one can define an almost holomorphic object
2 A review of the theory can be found in [6]. We try to follow the notation used there.
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πIm(τ )
, (2.8)
which transforms as a modular form of weight 2.
Note that by the isomorphism ([11] Prop. 1) of the ring ⊕k M̂k(	0) and the ring ⊕
k M˜k(	0) = C[E2, E4, E6] of quasi-modular forms, one can take a holomorphic limit by 
replacing Eˆ2 → E2 and Dτ → dτ (dτ = 12πi ddτ ) without losing information about the ring struc-
ture.
Our conventions for the elliptic theta function and weak Jacobi forms A and B are the follow-
ing3
A = −θ1(τ, z)
2
η6(τ )
, B = 4
(
θ2(τ, z)2
θ2(0, τ )2
+ θ3(τ, z)
2
θ3(0, τ )2
+ θ4(τ, z)
2
θ4(0, τ )2
)
. (2.9)
The weak Jacobi form of index φ−2,1 has a simple product form using the Jacobi triple product 
for θ1 and x =
(
2 sin
(
λ
2
))2 = −(y 12 − y 12 )2
A = −x
∞∏
n=1
(1 − yqn)2(1 − y−1qn)2
(1 − qn)4 . (2.10)
The weight zero index one form is one half of the elliptic genus of the K3
χ(K3;q, y) = 2B =
(
2y + 20 + 2
y
)
+
(
20
y2
− 128
y
+ 216 − 128y + 20y2
)
q
+O(q2) (2.11)
3. Weak Jacobi forms and holomorphic anomaly equation
In this section we will show by a very simple argument that the master holomorphic anomaly 
equation of [13] for fibre modularity, which reads for the main example X18(1, 1, 1, 6, 9)(
∂
Eˆ2
+ dB(dB − 3)
24
λ2
)
ZdB (τ, z) = 0, (3.1)
is solved by a weak Jacobi form of index m = dB(dB−3)2 after replacing E2 with Eˆ2.
Because of (2.2) and (2.7) given a weak Jacobi form ϕk,m(τ, z) one can always define a mod-
ular form of weight k as follows
ϕ˜k(τ, z) = e π
2
3 mz
2E2(τ )ϕk,m(τ, z) . (3.2)
It follows that the weak Jacobi forms ϕk,m(τ, z) have a Taylor expansion in z with coefficients 
that are quasi-modular forms as in [7,6].4
3 Our conventions for the θ functions associated to the spin structure on the torus are 
 
[ a
b
]
(τ, z) = ∑n∈Z eπi(n+a)2τ+2πiz(n+a)+2πib and the Jacobi theta functions θ1 = i [ 121
2
]
= z ·
η(τ)3 exp
(∑∞
k=1
B2k
2k(2k)! (iz)2kE2k(τ )
)
, θ2 =  
[ 1
2
0
]
, θ3 =  
[
0
0
]
and θ4 =  
[
0
1
2
]
.
4 E.g. φ−2,1(τ, z) = −λ2 + E2λ
4 + −5E
2
2+E4 λ6 + 35E
3
2−21E2E4+4E6 λ8 +O(λ10).12 1440 362 880
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(
ξ0(τ )
2
+ mξ
′
0(τ )
k
)
λ2 +
(
ξ2(τ )
24
+ mξ
′
1(τ )
2(k + 2) +
m2ξ ′′0 (τ )
2k(k + 1)
)
λ4
+O(z6) . (3.3)
Here and below, to avoid explicit factors of 2πi, we use λ = 2πiz and ′ = dτ = d2πidτ . The 
ξν ∈ M˜k+2ν(	0) can be expressed as polynomials of Eisenstein series E2(τ ), E4(τ ) and E6(τ ). 
Moreover from (3.2) one has(
∂E2 +
mλ2
12
)
ϕk,m(τ, z) = 0 . (3.4)
In particular A and B are quasi-modular forms that satisfy the modular anomaly equation
∂E2A = −
λ2
12
A, ∂E2B = −
λ2
12
B . (3.5)
Prop. 1 of [11]5 implies the claim (3.1). Moreover by (2.8) we can write this as the holomorphic 
anomaly equation(
2πi Im2(τ )∂¯τ¯ − mλ
2
4
)
ϕˆk,m(τ, z) = 0 . (3.6)
Let us finish the section with a comparison of (3.1) and (3.6) with Witten’s wave equation for 
the topological string partition function that reads [15](
∂
∂(t ′)a¯
+ i
2
λ2Ca¯b¯c¯g
bb¯gcc¯
D
Dtb
D
Dtc
)
Z(λ, τ, tB) = 0 . (3.7)
If we apply this equation to Z defined in (1.3) with (t ′)a¯ = τ¯ and Qβ = e2πidB tB , we get in the 
large base because of the special form of the intersection matrix of elliptically fibered Calabi–Yau 
3 folds only derivatives in the base direction tB for tb and tc. Identifying λ with 2πiz we see 
already that the index will grow quadratically in dB . A more detailed analysis as in [13] shows 
also the shift by KB so that the large base limit of (3.7) becomes equivalent to all equations (3.1).
4. Exact formulae for low base degrees
Our main claim is that the all genus partition function for the topological string for dB > 06
are given by (1.4). For the case of dB = 1 the two coefficients are fixed by two genus 0 BPS 
numbers to be
ϕ1 = −Q(31Q
3 + 113P 2)
48
. (4.1)
This determines the all genus BPS invariants for base degree 1 by (1.3), (1.4), and the multi-
covering formula (1.2).
Up to g = 6 and dE = 6 we list them in Table 2. A detailed discussion on the perfect matching 
with the accessible enumerative invariants can be found in Section 5.
Note that (1.3) implies Hilbert scheme-like infinite product formulae for the generating func-
tions. For dB = 1 one gets
5 See also http :/ /people .mpim-bonn .mpg .de /zagier/.
6 The Z0 contribution is also known, but since it has special properties we refer to the discussion in [9].
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Some BPS invariants ng
(dE,1)
for base degree dB = 1 and g, dE ≤ 6 as determined by (4.1) for all g, dE .
g\dE dE = 0 1 2 3 4 5 6
g = 0 3 −1080 143 370 204 071 184 21 772 947 555 1 076 518 252 152 33 381 348 217 290
1 0 −6 2142 −280 284 −408 993 990 −44 771 454 090 −2 285 308 753 398
2 0 0 9 −3192 412 965 614 459 160 68 590 330 119
3 0 0 0 −12 4230 −541 440 −820 457 286
4 0 0 0 0 15 −5256 665 745
5 0 0 0 0 0 −18 6270
6 0 0 0 0 0 0 21
Z1(τ, z) =
[
1
2i sin( 2πz2 )η(τ )18
∞∏
n=1
(1 − qn)2
(1 − e2πizqn)(1 − e−2πizqn)
]2
ϕ1 . (4.2)
This infinite product formula alone eliminates the subspace V (1,[
g−1
3 ],1)± [9] in the holomor-
phic ambiguity and already determines the topological string amplitudes up to g ≤ 18 for this 
model.
For dB = 2 three of 17 coefficients can be already fixed by demanding that there is no pole 
(2πz)−4 = λ−4 in P2(τ, z). Here
P2(τ, z) = F2
η(τ)72
, (4.3)
where F2 is the degree 2 part of the free energy F = logZ . See [9] for more details about this 
condition. Note that this pole has to be canceled by the (Z1)2 contribution in P2(τ, z). This 
explains the first term in (4.6). The vanishing bound which we will discuss in Section 5 is a 
Castelnuovo-like criterion, namely that
n
g
dE,2 = 0, for dE ≥ 5, g ≥ 2dE − 3, (4.4)
which fixes eleven other constants and implies all vanishing on the right from the edge. The 
actual nonzero values of the BPS numbers on the generic part of the edge for dE ≥ 5
n
2dE−4
dE,2 = 12 − 6dE (4.5)
are then calculated geometrically in (5.3) and yield no further constraints. In order to fix the 
remaining three constants one needs the information of any three nonzero numbers in the same 
row or the same column as the numbers (4.5). Notice that three numbers n2dE−5dE,2 , dE = 5 + i, 
i = 0, 1, 2 yield only one constraint. Random patterns of nonzero numbers will lead in general 
to independent equations. The result fixed from three genus zero numbers gives
ϕ2 = B
4Q2
(
31Q3 + 113R2)2
23 887 872
+ 1
1 146 617 856
[2 507 892B3AQ7R
+ 9 070 872B3AQ4R3 + 2 355 828B3AQR5 + 36 469B2A2Q9
+ 764 613B2A2Q6R2 − 823 017B2A2Q3R4 + 21 935B2A2R6
− 9 004 644BA3Q8R − 30 250 296BA3Q5R3 − 6 530 148BA3Q2R5 + 31A4Q10
+ 5 986 623A4Q7R2 + 19 960 101A4Q4R4 + 4 908 413A4QR6] , (4.6)
which predicts the BPS numbers in all genus and fibre classes for dB = 2.
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n
g
dE,3 = 0, for dE ≥ 8, g ≥ 3dE − 10 (4.7)
fixes 74 other constants. These conditions are not independent from the conditions that eliminate 
the z−6 and z−4 poles and implies all vanishing on the right from the edge. If we impose the con-
ditions successively we get {25, 47, 58, 63, 67, 70, 71, 72, 73,74} conditions for dE = 8, 9, . . . . 
The genus zero and one invariants yield 5 and 5 conditions fixing all coefficients of ϕ3.
As we will discuss in Section 5 the vanishing conditions for general dB is
n
g
dE,dB
= 0, for dE ≥ 3dB − 1, g ≥ dBdE − 12 (3d
2
B − dB − 4) . (4.8)
Together with the data up to genus eight tabulated in [9, Appendix A], this allows us to fix ϕ4 with 
20 and ϕ5 with 2 nontrivial checks respectively. The tables of base degree dB = 4 and dB = 5 to 
genus 27 and 41 respectively can be found likewise in that appendix.
One can make further checks on the results based on considerations in Section 5. For example 
we see that for each dB there is a critical value
(gc(dB) = 12 (3d
2
B − dB + 2), dcE(dB) = 3dB − 1) (4.9)
in the (g, dE) plane so that the BPS states on the line in the (g, dE) takes the value
n
dBdE−gc(dB)+2
dE,dB
= (−1) 2dEdB+dB (dB−1)2 3(dBdE − (3d2B + dB − 6)/2) for dE ≥ 3dB − 1,
(4.10)
which can be confirmed as well as many other predictions by direct curve counting in Section 5, 
see (5.3). See also Fig. 1.
Let us summarize the evidence that we got for the ansatz (1.3), (1.4) from B-model consider-
ations, that is the holomorphic anomaly equation, the involution symmetry [4] and the boundary 
conditions in Mcs. As shown in Section 3, the ansatz fulfills the holomorphic anomaly for each 
base class identically. It does however not implement the constraints from the full holomorphic 
anomaly equation including the base direction, the boundary conditions from the conifold and 
the regularity at the orbifold. Using these constraints and the involution symmetry the Fg were 
determined for all classes up to genus 8, which allowed us to check the validity of the ansatz up 
to base degree dB ≤ 5 [9]. If the correctness of the ansatz is assumed and the conditions at the 
different boundary components of Mcs are independent, then the model can be solved to genus 
189 for all classes and to dB ≤ 20 for all fibre classes and all genus.
5. Geometric evidence
We can compute many GV invariants geometrically, which allows us to both check our results 
and fix the ambiguity in the φdB (τ, z). Our strategy is as follows.
We set out to identify certain degrees (dE, dB) and (arithmetic) genus g for which the mod-
uli space of curves with that degree and genus can be described explicitly. We can then use the 
methods of [12] to extract the GV invariants from the geometry. These methods can be justi-
fied and extended by computing the PT moduli spaces of stable pairs supported on such curves 
[14,5]. However, the original methods of [12] are often directly applicable and easily give the 
GV invariants.
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genus is for irreducible curves of degree (dE, dB), and what the moduli space of such curves is. 
This is the analog of classical Castelnuovo theory for projective space, which was used to help 
solve the topological string on the quintic to genus 51. The results we use are stated below as 
Proposition 1 and Proposition 2.
Second, we write a general curve C = ∪Ci as a union of components Ci . If Ci has degree 
(diE, d
i
B), then dE =
∑
i d
i
E , dB =
∑
i d
i
B , and we can bound the genus of C by bounding the 
genus of each Ci and then studying how the components Ci can intersect. Once the maximum 
genus is identified, we can frequently understand the geometry well enough to describe the mod-
uli space.
Recall that M is the blowup of a degree 18 weighted hypersurface in P(1, 1, 1, 6, 9), with 
exceptional divisor E  P2. There is a projection π : X → P2 to the first three coordinates of 
P(1, 1, 1, 6, 9).
Let L = π−1() be the pullback of a line  ⊂ P2 to X, and let H = 3L + E. Then the degree 
(dE, dB) of a curve C ⊂ X is given by dE = C · H , dB = C · L.
In particular, a fiber f has degree (1, 0) and a line ˜ ⊂ E has degree (0, 1).
We list some results and refer to [9] for more details.
Lemma 1. Let C have degree (dE, dB). Then π(C) is a plane curve of degree dB , including 
multiplicity.
Corollary 1. A curve of degree (dE, 0) is a union of dE fibers (including multiplicity).
Proposition 1. If C has degree (0, dB), then its genus satisfies
g ≤ 1
2
(dB − 1) (dB − 2) ,
with equality holding if and only if C is a plane curve of degree dB after identifying E with P2.
Proposition 2. Suppose C is an irreducible curve of degree (dE, dB) with dE > 0. Then
g ≤ dEdB − 12
(
3d2B − dB − 2
)
,
with equality holding if and only if C ⊂ π−1() for some . In that case, C ⊂ S is the zero locus 
of a section of OS(dEL + dBE). The moduli space of all curves C (not necessarily irreducible) 
given by all  and all sections of OS(dEL + dBE) is a PdEdB−(1/2)(3d2B+dB−4)-bundle over P2.
Preparing for computations, we denote the moduli space of curves of degree (dE, dB) and 
genus g by MgdE,dB . If M
g
dE,dB
is smooth and there are no curves of degree (dE, dB) and genus 
strictly greater than g, we have
n
g
dE,dB
= (−1)dimM
g
dE,dB χ
(
MgdE,dB
)
, (5.1)
a formula that may need correction as discussed in [12]. We now give some examples.
By Proposition 1, the GV invariants ng0,d coincide with the numbers n
g
d for local P
2
, in agree-
ment with the first columns of Tables 2–4. In particular
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Some BPS invariants for ng
(dE,2)
.
g\dE dE = 0 1 2 3 4 5 6
g = 0 -6 2700 −574 560 74 810 520 −49 933 059 660 7 772 494 870 800 31 128 163 315 047 072
1 0 15 −8574 2 126 358 521 856 996 1 122 213 103 092 879 831 736 511 916
2 0 0 −36 20 826 −5 904 756 −47 646 003 780 −80 065 270 602 672
3 0 0 0 66 −45 729 627 574 428 3 776 946 955 338
4 0 0 0 0 −132 −453 960 −95 306 132 778
5 0 0 0 0 0 −5031 1 028 427 996
6 0 0 0 0 0 −18 −771 642
7 0 0 0 0 0 0 −7224
8 0 0 0 0 0 0 −24
Table 4
Some BPS invariants for ng
(dE,3)
. To save space we only give the first and the last two significant digits and the number 
of omitted digits in brackets.
g\dE 0 1 2 3 4 5 6 7 8 9
0 27 −17 280 5 051 970 −91(5)00 22(8)00 −42(10)68 40(12)60 −16(16)20 55(17)80 12(22)00
1 −10 4764−1 079 298 15(5)86 −16(7)80 −33(9)68 12(12)88 −55(14)44 10(18)24 37(21)76
2 0 27 −16 884 4 768 830 −81(5)36 28(8)63 67(10)51 45(13)02 36(16)60 54(19)78
3 0 0 −72 48 036 −14(4)90 29(5)64 −79(9)12 −63(12)64 −94(15)98 −11(19)86
4 0 0 0 154 −110 574 38(4)41 21(8)04 50(11)76 12(15)04 20(18)021
5 0 0 0 0 −306 247 014 −25(6)52 −21(10)36 −11(14)06 −30(17)40
6 0 0 0 0 0 612 1 401 468 50(8)62 74(12)04 34(16)43
7 0 0 0 0 0 0 17 386 −49(6)70 −35(11)70 −32(15)78
8 0 0 0 0 0 0 63 3 396 663 11(10)79 23(14)91
9 0 0 0 0 0 0 0 32 418 −21(8)14 −13(13)22
10 0 0 0 0 0 0 0 108 18(6)07 57(11)85
11 0 0 0 0 0 0 0 0 −1 151 442 −16(10)36
12 0 0 0 0 0 0 0 0 −10 917 29(8)80
13 0 0 0 0 0 0 0 0 −36 −24(6)86
14 0 0 0 0 0 0 0 0 0 1 458 792
15 0 0 0 0 0 0 0 0 0 13 770
16 0 0 0 0 0 0 0 0 0 45
n
(d−1)(d−2)/2
0,d = (−1)d(d+3)/2
(
d + 2
2
)
(5.2)
since the moduli space is Pd(d+3)/2.
Next, it can be seen that for dE ≥ 3dB − 1, any curve of degree (dE, dB) with genus g =
dEdB − (3d2B − dB − 2)/2 arises as in Proposition 2. Computing the Euler characteristic of the 
moduli space, we get for these values of (dE, dB)
n
dEdB−(3d2B−dB−2)/2
dE,dB
= (−1)dEdB−(1/2)(3d2B+dB−4) 3
(
dEdB − 3d
2
B + dB − 6
2
)
. (5.3)
With a basic stock of examples such as the above, we can then describe other curves obtained 
by attaching fibers. We give examples to illustrate the techniques.
If a curve C has degree (dE, 1), then it can be seen that C is necessarily the union of a line 
 in E  P2 and dE fibers (including multiplicity) meeting . Thus C has genus dE . From this 
description, we see that MdE is the relative Hilbert scheme of dE points on lines in the plane, dE,1
M.-x. Huang et al. / Nuclear Physics B 898 (2015) 681–692 691Fig. 1. The figure shows the boundary of non-vanishing curves for the values of dB = 1, 2, 3, 4, 5. The dot on each 
dB line at (gc(dB) = 12 (3d2B − dB + 2), dcE(dB) = 3dB − 1) indicates the value at which the boundary slope becomes 
generic and the numbers of BPS states on the line are given by (4.10).
a PdE -bundle over P2. Hence by (5.1) we have
n
dE
dE,1 = (−1)dE 3(dE + 1), (5.4)
in complete agreement with the diagonal (g = dE) entries of Table 2.
For dB > 1, we can similarly glue dE fibers to plane curves of degree dB , but now we need 
to assume that dE ≤ dB + 1 to ensure that the moduli space is smooth. In that case, the moduli 
space is the relative Hilbert scheme of dE points on plane curves of degree dB . The dE points 
are just the locations on the plane curve where the fibers are attached. This moduli space is a 
P
dB(dB+3)/2−dE
-bundle over the Hilbert scheme (P2)[k] of k points in the plane, giving
n
(dB−1)(dB−2)/2+dE
dE,dB
= (−1)dB(dB+3)/2−dE
((
dB + 2
2
)
− dE
)
χ
((
P
2
)[k])
, (5.5)
in agreement with Tables 2–4.
Finally, similar considerations show that for the ngdE,dB computed in the situations of (5.3)–(5.5), there are no curves of degree (d, dE) and genus g for any d < dE . So in this range, 
we get ngd,dE = 0, providing a lot of data to help fix the ambiguities, in complete agreement with 
the zeros in Tables 2–4. An explicit formula of this nature was given in (4.8).
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